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Abstract—Frame permutation quantization (FPQ) is a new
vector quantization technique using finite frames. In FPQ, a
vector is encoded using a permutation source code to quantize its
frame expansion. This means that the encoding is a partial order-
ing of the frame expansion coefficients. Compared to ordinary
permutation source coding, FPQ produces a greater number of
possible quantization rates and a higher maximum rate. Various
representations for the partitions induced by FPQ are presented
and reconstruction algorithms based on linear programmingand
quadratic programming are derived. Reconstruction using the
canonical dual frame is also studied, and several results relate
properties of the analysis frame to whether linear reconstruction
techniques provide consistent reconstructions. Simulations for
Gaussian sources show performance improvements over entropy-
constrained scalar quantization for certain combinations of
vector dimension and coding rate.

I. I NTRODUCTION

Redundant representations obtained with frames are playing
an ever-expanding role in signal processing due to design
flexibility and other desirable properties. One such favorable
property is robustness to additive noise. This robustness,
carried over to quantization noise, explains the success of
both ordinary oversampled analog-to-digital conversion (ADC)
andΣ–∆ ADC with the canonical linear reconstruction. But
the combination of frame expansions with scalar quantization
is considerably more interesting and intricate because bound-
edness of quantization noise can be exploited in reconstruc-
tion [1]–[8] and frames and quantizers can be designed jointly
to obtain favorable performance.

This paper introduces a new use of finite frames in vector
quantization:frame permutation quantization(FPQ). In FPQ,
permutation source coding (PSC) [9], [10] is applied to a frame
expansion of a vector. This means that the vector is represented
by a partial ordering of the frame coefficients (Variant I) or
by signs of the frame coefficients that are larger than some
threshold along with a partial ordering of the absolute values of
the significant coefficients (Variant II). FPQ provides a space
partitioning that can be combined with additional constraints
or prior knowledge to generate a variety of vector quantizers.
A simulation-based investigation shows that FPQ outperforms
PSC for certain combinations of signal dimensions and coding
rates. In particular, improving upon PSC at low rates provides
quantizers that perform better than entropy-coded scalar quan-
tization (ECSQ) in certain cases [11].

Beyond the exposition of the basic ideas in FPQ, the focus
of this paper is on how—in analogy to works cited above—
there are several decoding procedures that can sensibly be
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used with the encoding of FPQ. One is to use the ordinary
decoding in PSC for the frame coefficients followed by linear
synthesis with the canonical dual; from the perspective of
frame theory, this is the natural way to reconstruct. Taking
a geometric approach based onconsistencyyields instead
optimization-based algorithms. We develop both views and
find conditions on the frame used in FPQ that relate to whether
the canonical reconstruction is consistent. Along with inspiring
new questions about finite frames and being of interest for
compression when a signal has already been acquired, FPQ
may have impact on sensor design. Sensors that operate at
low power and high speed by outputting orderings of signal
levels rather than absolute levels have been demonstrated and
are a subject of renewed interest [12], [13].

This paper is a condensed version of [14]. Among the
excisions are several references, proofs, developments for a
uniform source, and all further mentions of Variant II permu-
tation codes and variable-rate coding. Preliminary results on
FPQ were mentioned briefly in [15].

II. BACKGROUND

We assume fixed-rate coding and the conventional squared-
error fidelity criterion‖x− x̂‖2 between sourcex and repro-
duction x̂. Some statements assume a known source distribu-
tion over which performance is measured in expectation.

A. Vector Quantization

A vector quantizer is a mapping from an inputx ∈ R
N

to a codewordx̂ from a finite codebookC. Without loss of
generality, a vector quantizer can be seen as a composition
of an encoderα : RN → I and adecoderβ : I → R

N ,
whereI is a finite index set. The encoder partitionsR

N into
|I| regions orcells {α−1(i)}i∈I , and the decoder assigns a
reproduction valueto each cell. HavingR bits per component
means|I| = 2NR.

For any codebook, the encoderα that minimizes‖x− x̂‖2
mapsx to the nearest element of the codebook. The partition
is thus composed of convex cells. Since the cells are convex,
reproduction values are optimally within the corresponding
cells—whether to minimize mean-squared error distortion,
maximum squared error, or some other reasonable function of
squared error. Reproduction values being within corresponding
cells is formalized asconsistency:

Definition 2.1: The reconstruction̂x = β(α(x)) is called
a consistent reconstruction ofx when α(x) = α(x̂) (or
equivalentlyβ(α(x̂)) = x̂). The decoderβ is calledconsistent
whenβ(α(x)) is a consistent reconstruction ofx for all x.



B. Permutation Source Codes

A permutation source code is a vector quantizer in
which codewords are related through permutations. Permu-
tation codes were originally introduced as channel codes by
Slepian [16]. They were then applied to a specific source
coding problem, through the duality between source encoding
and channel decoding, by Dunn [9] and developed in greater
generality by Bergeret al. [10], [17], [18].

Let µ1 > µ2 > · · · > µK be real numbers, and let
n1, n2, . . . , nK be positive integers that sum toN (an (or-
dered) integer partitionof N ). The initial codeword of the
codebookC has the form

x̂init = (µ1, . . . , µ1
←−n1−→

, µ2, . . . , µ2
←−n2−→

, . . . , µK , . . . , µK
←−nK−→

), (1)

where eachµi appearsni times. Whenx̂init has this form,
we call it compatible with(n1, n2, . . . , nK). The codebook is
the set of all distinct permutations of̂xinit. The number of
codewords inC is thus given by the multinomial coefficient

L =
N !

n1!n2! · · · nK !
. (2)

The permutation structure of the codebook enables low-
complexity nearest-neighbor encoding [10]: mapx to the
codewordx̂ whose components have the same order asx; in
other words, replace then1 largest components ofx with µ1,
then2 next-largest components ofx with µ2, and so on. Since
the complexity of sorting a vector of lengthN is O(N logN)
operations, the encoding complexity for PSC is much lower
than with an unstructured source code and onlyO(logN)
times higher than scalar quantization.

The per-component rate is defined as

R = N−1 log2 L. (3)

Under certain symmetry conditions on the source distribution,
all codewords are equally likely so the rate cannot be reduced
by entropy coding.

Partition Properties:The partition induced by a PSC is com-
pletely determined by the integer partition(n1, n2, . . . , nK).
Specifically, the encoding mapping can index the permutation
P that places then1 largest components ofx in the first
n1 positions (without changing the order within thosen1

components), then2 next-largest components ofx in the next
n2 positions, and so on; theµis are actually immaterial. This
encoding is placing all source vectorsx such thatPx is n-
descending in the same partition cell, defined as follows.

Definition 2.2: Given an ordered integer partitionn =
(n1, n2, . . . , nK) of N , a vector inRN is calledn-descending
if its n1 largest entries are in the firstn1 positions, itsn2

next-largest components are in the nextn2 positions, etc.
The property of beingn-descending is to be descending up to
the arbitrariness specified by the integer partitionn.

Because this is nearest-neighbor encoding forsomecode-
book, the partition cells must be convex. Furthermore, multi-
plying x by any nonnegative scalar does not affect the encod-
ing, so the cells are convex cones. We develop a convenient
representation for the partition in Section III.

Codebook Optimization:Assume thatx is random and that
the components ofx are i.i.d. Letξ1 ≥ ξ2 ≥ · · · ≥ ξN denote
the order statistics of random vectorx = (x1, . . . , xN ) and
η1 ≥ η2 ≥ · · · ≥ ηN denote the order statistics of random
vector |x| ∆

= (|x1|, . . . , |xN |).1 For a given initial codeword
x̂init, the per-letter distortion of an optimally-encoded PSC is
given by

D = N−1E
[

∑K

i=1

∑

ℓ∈Ii
(ξℓ − µi)

2
]

(4)

where Iis are the sets of indexes generated by the integer
partition:

I1 = {1, 2, . . . , n1}, (5a)

I2 = {n1 + 1, n1 + 2, . . . , n1 + n2}, etc. (5b)

These distortions can be deduced simply by examining which
components ofx are mapped to which elements ofx̂init.

Optimization of (4) over both{ni}Ki=1 and{µi}Ki=1 subject
to (3) is difficult, partly due to the integer constraint of the par-
tition. However, given an integer partition(n1, n2, . . . , nK),
the optimal initial codeword can be determined easily from
the means of the order statistics:

µi = n−1i

∑

ℓ∈Ii
E [ξℓ] . (6)

The analysis of [17] shows that whenN is large, the optimal
partition gives performance equal to ECSQ ofx. Performance
does not strictly improve with increasingN ; permutation
codes outperform ECSQ for certain combinations of block size
and rate [11].

C. Frame Definitions and Classifications

In this paper, we use frame expansions only for quantization
using PSCs, which rely on order relations of real numbers.
Therefore we limit ourselves to real finite frames.

Definition 2.3: A set of N -dimensional vectors,Φ =
{φk}Mk=1 ⊂ R

N , is called aframe if there exist a lower frame
bound,A > 0, and an upper frame bound,B <∞, such that,
for all x ∈ R

N ,

A‖x‖2 ≤ ∑M

k=1 |〈x, φk〉|2 ≤ B‖x‖2. (7a)

The matrixF ∈ R
M×N with kth row equal toφ∗k is called the

analysis frame operator. Equivalent to (7a) in matrix form is

AIN ≤ F ∗F ≤ BIN , (7b)

whereIN is theN ×N identity matrix.
A frame is called atight frameif the frame bounds can be

chosen to be equal. A frame is anequal-norm frameif all
of its vectors have the same norm. If an equal-norm frame is
normalized to have all vectors of unit norm, we call it aunit-
norm frame. A unit-norm tight frame (UNTF) must satisfy
F ∗F = (M/N)IN .

1For consistency with earlier literature on PSCs, we are reversing the usual
sorting of order statistics [19].



Definition 2.4: The real harmonic tight frame (HTF) ofM
vectors inRN is defined for evenN by

φ∗k+1 =

√

2

N

[

cos
kπ

M
, cos

3kπ

M
, . . . , cos

(N − 1)kπ

M
,

sin
kπ

M
, sin

3kπ

M
, . . . , sin

(N − 1)kπ

M

]

(8a)

and for oddN by

φ∗k+1 =

√

2

N

[

1√
2
, cos

2kπ

M
, cos

4kπ

M
, . . . , cos

(N − 1)kπ

M
,

sin
2kπ

M
, sin

4kπ

M
, . . . , sin

(N − 1)kπ

M

]

,

(8b)

wherek = 0, 1, . . . ,M − 1. The modulated harmonic tight
framesare defined by

ψk = γ(−1)kφk, for k = 1, 2, . . . ,M, (9)

whereγ = 1 or γ = −1 (fixed for all k).
Classification of frames is often up to some unitary equiv-

alence. Holmes and Paulsen [20] proposed several types of
equivalence relations between frames. In particular, for two
frames inRN , Φ = {φk}Mk=1 andΨ = {ψk}Mk=1, we sayΦ
andΨ are

(i) type I equivalent if there is an orthogonal matrixU such
thatψk = Uφk for all k;

(ii) type II equivalent if there is a permutationσ(·) on
{1, 2, . . . ,M} such thatψk = φσ(k) for all k; and

(iii) type III equivalent if there is asign functionin k, δ(k) =
±1 such thatψk = δ(k)φk for all k.

Another important subclass of UNTFs is defined as follows:
Definition 2.5 ( [21], [22]): A UNTF Φ = {φk}Mk=1 ⊂

R
N is called anequiangular tight frame(ETF) if there exists

a constanta such that|〈φℓ, φk〉| = a for all 1 ≤ ℓ < k ≤M .
ETFs are sometimes calledoptimal Grassmannian framesor
2-uniform frames.

In our analysis of FPQ, we will find thatrestrictedETFs—
where the absolute value constraint can be removed from Defi-
nition 2.5—play a special role. In matrix view, a restrictedETF
satisfiesF ∗F = (M/N)IN andFF ∗ = (1 − a)IM + aJM ,
whereJM is the all-1s matrix of sizeM ×M . The following
proposition specifies the restricted ETFs for the codimension-1
case.

Proposition 2.6:ForM = N+1, the family of all restricted
ETFs is constituted by the Type I and Type II equivalents of
modulated HTFs.

Finally, the following property of modulated HTFs in the
M = N + 1 case will be very useful.

Proposition 2.7: If M = N+1 then a modulated harmonic
tight frame is a zero-sum frame, i.e., each column of the
analysis frame operatorF sums to zero.

D. Reconstruction from Frame Expansions

A central use of frames is to formalize the reconstruction
of x ∈ R

N from the frame expansionyk = 〈x, φk〉, k =
1, 2, . . . , M , or estimation ofx from degraded versions of
the frame expansion. Using the analysis frame operator we
havey = Fx, and (7) implies the existence of at least one
linear synthesis operatorG such thatGF = IN . A frame
with analysis frame operatorG∗ is then said to bedual to Φ.

The frame condition (7) also implies thatF ∗F is invertible,
so the Moore–Penrose inverse (pseudo-inverse) of the frame
operatorF † = (F ∗F )−1F ∗ exists and is a valid synthesis
operator. Using the pseudo-inverse for reconstruction has
several important properties including an optimality for mean-
squared error (MSE) under assumptions of uncorrelated zero-
mean additive noise and linear synthesis. Reconstruction using
F † is calledcanonical reconstructionand the corresponding
frame is called thecanonical dual. In this paper, we use the
term linear reconstructionfor reconstruction using an arbitrary
linear operator.

Wheny is quantized tôy, it is possible for the quantization
noiseŷ − y to have mean zero and uncorrelated components;
this occurs with subtractive dithered quantization [23] or
under certain asymptotics [24]. In this case, the optimality of
canonical reconstruction holds. However, it should be noted
that even with these restrictions, canonical reconstruction is
optimal only among linear reconstructions.

When nonlinear construction is allowed, quantization noise
may behave fundamentally differently than other additive
noise. The key is that a quantized value gives hard constraints
that can be exploited in reconstruction. For example, suppose
that ŷ is obtained fromy by rounding each element to the
nearest multiple of a quantization step size∆. Then knowledge
of ŷm is equivalent to knowing

yk ∈ [ŷk − 1
2∆, ŷk +

1
2∆]. (10)

Geometrically,〈x, φk〉 = ŷk − 1
2∆ and 〈x, φk〉 = ŷk + 1

2∆
are hyperplanes perpendicular toφk, and (10) expresses that
x must lie between these hyperplanes. Using the upper and
lower bounds on allM components ofy, the constraints on
x imposed byŷ are readily expressed as [2]

[

F
−F

]

x ≤
[

1
2∆+ ŷ
1
2∆− ŷ

]

, (11)

where the inequalities are elementwise.

III. F RAME PERMUTATION QUANTIZATION

FPQ is simply PSC applied to a frame expansion.

A. Encoder Definition and Canonical Decoding

Definition 3.1: A frame permutation quantizerwith anal-
ysis frame F ∈ R

M×N , integer partition m =
(m1, m2, . . . , mK), and initial codewordŷinit compatible
with m encodesx ∈ R

N by applying a permutation source
code with integer partitionm and initial codeword̂yinit to Fx.
The canonical decodinggives x̂ = F †ŷ, whereŷ is the PSC



reconstruction ofy. We sometimes use the triple(F,m, ŷinit)
to refer to such an FPQ.

The result of the encoding can be expressed as a permutation
P from the permutation matrices of sizeM . The permutation
is such thatPFx is m-descending. For uniqueness in the
representationP chosen from the set of permutation matrices,
we can specify that the firstm1 components ofPy are kept in
the same order as they appeared iny, the nextm2 components
of Py are kept in the same order as they appeared iny, etc.
Then P is in a subsetG(m) of the M × M permutation
matrices and

|G(m)| = M !

m1!m2! · · · mK !
. (12)

Notice that the encoding uses the integer partitionm but not
the initial codewordŷinit. The PSC reconstruction ofy is
P−1ŷinit, so the canonical decoding givesF †P−1ŷinit.

The size of the setG(m) is analogous to the codebook size
in (2), and the per-component rate of FPQ is thus defined as

R = N−1 log2
M !

m1!m2! · · · mK !
. (13)

B. Expressing Consistency Constraints

Suppose FPQ encoding ofx ∈ R
N with frameF ∈ R

M×N ,
integer partitionm = (m1,m2, . . . ,mK), and initial codeword
ŷinit compatible withm results in permutationP ∈ G(m). We
would like to express constraints onx that are specified by
(F,m, ŷinit, P ). This will provide an explanation of the par-
titions induced by FPQ and lead to reconstruction algorithms
in Section III-C.

Knowing that a vector ism-descending is a specification
of many inequalities. Recall the definitions of the index sets
generated by an integer partition given in (5), and use the
same notation withnks replaced bymks. Thenz beingm-
descending implies that for anyi < j,

zk ≥ zℓ for everyk ∈ Ii andℓ ∈ Ij .

By transitivity, considering everyi < j gives redundant
inequalities. Taking onlyj = i+1, we obtain a full description

zk ≥ zℓ for everyk ∈ Ii, ℓ ∈ Ii+1 with i = 1, . . . ,K − 1.
(14)

For one fixed(i, ℓ) pair, (14) gives|Ii| = mi inequalities, one
for eachk ∈ Ii. These inequalities can be gathered into an
elementwise matrix inequality as

[

0mi×Mi−1
Imi

0mi×(M−Mi)

]

z

≥
[

0mi×(ℓ−1) 1mi×1 0mi×(M−ℓ)

]

z

whereMk = m1 +m2+ · · ·+mk, orD(m)
i,ℓ z ≥ 0mi×1 where

D
(m)
i,ℓ = [ 0mi×Mi−1

Imi
0mi×(ℓ−Mi−1) −1mi×1 0mi×M−ℓ ]

(15a)

is anmi ×M differencing matrix. Allowingℓ to vary across
Ii+1, we define themimi+1 ×M matrix

D
(m)
i =

















D
(m)
i,Mi+1

D
(m)
i,Mi+2

...

D
(m)
i,Mi+mi+1

















(15b)

and express all of (14) for one fixedi asD(m)
i z ≥ 0mimi+1×1.

Continuing our recursion, it only remains to gather the
inequalities (14) acrossi ∈ {1, 2, . . . ,K − 1}. Let

D(m) =

















D
(m)
1

D
(m)
2

...

D
(m)
K−1

















, (15c)

which has

L(m) =
∑K−1

i=1 mimi+1 (16)

rows. The property ofz beingm-descending can be expressed
asD(m)z ≥ 0L(m)×M .

Now we can apply these representations to FPQ. SincePFx
is m-descending, consistency is simply expressed as

D(m)PFx ≥ 0. (17)

C. Consistent Reconstruction Algorithms

The constraints (17) specify unbounded sets. To be able
to decode FPQs in analogy to [2, Table I], we require some
additional constraints. Two examples are developed in [14]: a
sourcex bounded to[− 1

2 ,
1
2 ]

N (e.g., having an i.i.d. uniform
distribution over[− 1

2 ,
1
2 ]) or having an i.i.d. standard Gaussian

distribution. The Gaussian case is recounted here.
Supposex has i.i.d. Gaussian components with mean zero

and unit variance. Since the source support is unbounded,
something beyond consistency must be used in reconstruction.
Here we use a quadratic program to find a good bounded,
consistent estimate and combine this with the average value
of ‖x‖.

The problem with using (17) combined with maximization
of minimum slackness alone (without any additional bounded-
ness constraints) is that for any purported solution, multiplying
by a scalar larger than 1 will increase the slackness of all the
constraints. Thus, any solution technique will naturally and
correctly have‖x̂‖ → ∞. Actually, because the partition cells
are convex cones, we should not hope to recover the radial
component ofx from the partition. Instead, we should only
hope to recover a good estimate ofx/‖x‖.

To estimate the angular componentx/‖x‖ from the parti-
tion, it would be convenient to maximize minimum slackness
while also imposing a constraint of‖x̂‖ = 1. Unfortunately,
this is a nonconvex constraint. It can be replaced by‖x̂‖ ≤ 1



because slackness is proportional to‖x̂‖. This suggests the
optimization

maximizeδ subject to‖x‖ ≤ 1 andD(m)PFx ≥ δ1L(m)×1.

Denoting thex at the optimum bŷxang, we still need to choose
the radial component, or length, ofx̂.

For theN (0, IN ) source, the mean length is [25]

E[‖x‖] =
√
2π

β(N/2, 1/2)
≈

√

N − 1/2.

We can combine this witĥxang to obtain a reconstruction̂x.
This method is described explicitly in [14, Alg. 3].

IV. CONDITIONS ON THECHOICE OFFRAME

In this section, we provide necessary and sufficient condi-
tions so that a linear reconstruction is also consistent. Wefirst
consider a general linear reconstruction,x̂ = Rŷ, whereR is
someN ×M matrix andŷ is a decoding of the PSC ofy.
We then restrict attention to canonical reconstruction, where
R = F †. For each case, we describe all possible choices of a
“good” frameF , in the sense of the consistency of the linear
reconstruction.

A. Arbitrary Linear Reconstruction

We begin by introducing a useful term.
Definition 4.1: A matrix is called column-constantwhen

each column of the matrix is a constant. The set of allM×M
column-constant matrices is denotedJ .

We now give our main results for arbitrary linear recon-
struction combined with FPQ decoding of an estimate ofy.

Theorem 4.2:SupposeA = FR = aIM + J for some
a ≥ 0 and J ∈ J . Then the linear reconstruction̂x = Rŷ
is consistent with Variant I FPQ encoding using frameF ,
an arbitrary integer partition and an arbitrary Variant I initial
codeword compatible with it.

The key point in the proof of Theorem 4.2 is showing that
the inequality

D(m)PAP−1ŷinit ≥ 0, (18)

whereA = FR, holds for every integer partitionm and every
initial codewordŷinit compatible with it. It turns out that the
form of matrixA given in Theorem 4.2 is the unique form that
guarantees that (18) holds for every pair(m, ŷinit). In other
words, the condition onA that is sufficient for any integer
partitionm and any initial codeword̂yinit compatible with it
is also necessary for consistency for every pair(m, ŷinit).

Theorem 4.3:Consider FPQ using frameF with M ≥ 3. If
linear reconstruction̂x = Rŷ is consistent with every integer
partition and every initial codeword compatible with it, then
matrix A = FR must be of the formaIM + J , wherea ≥ 0
andJ ∈ J .

B. Canonical Reconstruction

We now restrict the linear reconstruction to use the canon-
ical dual; i.e.,R is restricted to be the pseudo-inverseF † =
(F ∗F )−1F ∗. The following corollary characterizes the non-
trivial frames for which canonical reconstructions are consis-
tent.

Corollary 4.4: Consider FPQ using frameF with M > N
andM ≥ 3. For canonical reconstruction to be consistent with
every integer partition and every initial codeword compatible
with it, it is necessary and sufficient to haveM = N +1 and
A = FF † = IM − 1

M
JM , whereJM is theM ×M all-1s

matrix.
We continue to add more constraints to frameF . By

imposing tightness and unit norm on our analysis frame, we
can progress a bit further from Corollary 4.4 to derive the
form of FF ∗.

Corollary 4.5: Consider FPQ using unit-norm tight frame
F with M > N andM ≥ 3. For canonical reconstruction
to be consistent for every integer partition and every initial
codeword compatible with it, it is necessary and sufficient to
haveM = N + 1 and

FF ∗ =











1 − 1
N

· · · − 1
N

− 1
N

1 · · · − 1
N

...
...

. . .
...

− 1
N

− 1
N

· · · 1











. (19)

Recall that a UNTF that satisfies (19) is a restricted ETF.
Therefore Corollary 4.5 together with Proposition 2.6 gives us
a complete characterization of UNTFs that are “good” in the
sense of canonical reconstruction being consistent.

Corollary 4.6: Consider FPQ using unit-norm tight frame
F with M > N andM ≥ 3. For canonical reconstruction
to be consistent for every integer partition and every initial
codeword compatible with it, it is necessary and sufficient for
F to be a modulated HTF or a Type I or Type II equivalent.

V. SIMULATIONS

In this section, we provide simulations to demonstrate some
properties of FPQ and to demonstrate that FPQ can give
performance better than ECSQ and ordinary PSC for certain
combinations of signal dimension and rate. For every data
point shown, the distortion represents a sample mean estimate
of N−1E[‖x− x̂‖2] over at least106 trials. Testing was done
with exhaustive enumeration of the relevant integer partitions.
This makes the complexity of simulation high, and thus
experiments are only shown for smallN andM . Recall the
encoding complexity of FPQ is low,O(M logM) operations.
The decoding complexity is polynomial inM , and in some
applications it could be worthwhile to precompute the entire
codebook at the decoder. Thus much larger values ofN and
M than used here may be practical.

Gaussian source.Let x have theN (0, IN ) distribution.
Figure 1 summarizes the performance of FPQ with decoding
using the algorithm described in Section III-C. Also shown are
the performance of entropy-constrained scalar quantization and
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Fig. 1. Performance of Variant I FPQ on an i.i.d.N (0, 1) using modulated harmonic tight frames ranging in size fromN to 7. Performance of PSC is
not shown because it is equivalent to FPQ withM = N for this source. Also plotted are the performance of entropy-constrained scalar quantization and the
distortion–rate bound.

the distortion–rate bound. Of course, the distortion–ratebound
can only be approached withN → ∞; it is not presented as
a competitive alternative to FPQ forN = 4 andN = 5.

We have not provided an explicit comparison to ordinary
PSC because, due to rotational-invariance of the Gaussian
source, FPQ with any orthonormal basis as the frame is
identical to PSC. (The modulated harmonic tight frame with
M = N is an orthonormal basis.) PSC and FPQ are sometimes
better than ECSQ; increasingM gives more operating points
and a higher maximum rate;2 andM = N+1 seems especially
attractive.

REFERENCES

[1] N. T. Thao and M. Vetterli, “Deterministic analysis of oversampled A/D
conversion and decoding improvement based on consistent estimates,”
IEEE Trans. Signal Process., vol. 42, no. 3, pp. 519–531, Mar. 1994.

[2] V. K. Goyal, M. Vetterli, and N. T. Thao, “Quantized overcomplete
expansions inRN : Analysis, synthesis, and algorithms,”IEEE Trans.
Inform. Theory, vol. 44, no. 1, pp. 16–31, Jan. 1998.
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