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Abstract— We consider the problem of estimating the param-
eters of a signal when the sampling instances are perturbed
by signal-independent timing noise. The classical techniques
consider timing noise to induce a signal-independent additive
white Gaussian noise term on the sample values. We reject this
simplification of the problem and give alternative methodologies.
For the problem of delay estimation when the pulse shape and
amplitude of the signal are known, we give an iterative algorithm
that shows superior performance compared to the traditional
method which relies on maximizing the cross- correlation.

I. I NTRODUCTION

Both uniform and non-uniform sampling of analog sig-
nals have been studied extensively, including approximation
and noise robustness properties [1]. This theory builds upon
the celebrated sampling theorem of Shannon, Nyquist and
Kotelnikov, which applies to the class ofbandlimited signals.
The recent work of Vetterliet al. [2] provided examples of
nonbandlimited signals that can be recovered perfectly from
uniform samples. Though not bandlimited, the signals they
could recover are specified by a finite number of degrees
of freedom per unit time, a property termedfinite rate of
innovation(FRI) in [2]. For example, a signal that is composed
of K scaled and delayed copies of a known pulse is completely
determined byK pairs of amplitudes and delays{ak, tk}

K
k=1.

Many classes of signals and corresponding sampling kernels
have been considered and algorithms for their perfect recon-
struction in the exact and noiseless cases have been proposed
[3], [4].

In almost any real application the actual sampling instances
are not the same as the ideal, desired sampling instances.
We call this differencetiming noise. In many current and
emerging applications such as in wideband communication
systems and mechanically-actuated probes this timing noise
is not an insignificant source of uncertainty. An analog-to-
digital converter (ADC) is triggered by a clock signal which
in turn is often generated from a lower-frequency clock signal
from a dedicated clock circuitry. Hence the timing noise may
have a strong structure which we may be able to estimate.
In electronic system design, timing noise is often modeled
as additional additive white Gaussian noise (AWGN) [5]. For
example, one may say, “The 74-ps jitter means that we have
a 2 dB loss.” However, the effect of timing noise in general
is neither additive, white nor Gaussian. Moreover, knowledge

of the input signal may be used to estimate the timing noise.
This is the key insight of this work. We focus on signals with
a known pulse shape but unknown delay, and will demonstrate
that we can improve the performance of time delay estimation
by modeling timing noise explicitly.

II. PROBLEM STATEMENT

Let the sequencezn represent thetiming noisein the clock
signal: it affects the instances at which the input signalx(t)
is evaluated. Letsn = nT + zn be these instances. Then the
observed samples from the ADC are given by:

yn = x(sn) = x(nT + zn), n = 0, 1, . . . , N − 1. (1)

We say that the timing noisezn is additive in thetiming
domain, which is the argument of the signalx(·). Suppose
that we obtainN samples of (1). In this paper we will focus
on the canonical problem of signal delay estimation when the
pulse shape is perfectly known to the receiver. That is, we
restrict our input signal to bex(t) = g(t − τ), whereτ is
the unknown delay andg(t) is the known pulse shape. This
signal is completely described by one parameter, namelyτ ,
and hence its rate of innovation in the aperiodic case is zero.

In this document we describe a few models for timing
noise and describe estimation algorithms for signal parameter
estimation. We focus on time delay estimation of the input
signal x(t), but first we illustrate how knowledge of the
structure of the input signalx(t) can be used for estimating
the jitter. The most interesting case will be when AWGN is
present in addition to timing noise. In this case, letwn be the
AWGN:

yn = x(nT + zn) + wn, n = 0, 1, . . . , N − 1. (2)

In contrast to the timing noise term, we say that thewn is
additive in theobservation domain.

The problem of sampling in the presence of timing noise is
not new. Balakrishnan [6] considered bandlimited signals and
signals consisting of deterministic line spectral terms, and gave
an interpolation technique which minimizes the reconstruction
error both for white and correlated jitter. Butzer studied the
effect of timing noise on bandlimited signals in [7], [8]. Inhis
work he considered theL2 error between the original signal
and its sinc interpolation after sampling in the presence of
bounded timing noise. He derived an upper bound for the



reconstruction error that is dependent on the supremum of
the first order derivative of the input signal: the steeper the
slopes of the signal then the stronger the effect of timing noise
on the sampled values. We will see later that in the case of
parameterized signals and in the presence of additive noise,
this is not the case. The most similar previous work is that
of Narasimhamurti and Awad [9]. The authors considered the
problem of estimating the phase of a sinusoid sampled using
a noisy clock with accumulated jitter when the frequency and
amplitude are known. They proposed a state-space approach
via writing the relationship between successive sample phase
using trigonometric identities.

III. PARAMETER ESTIMATION IN THE PRESENCE OF

TIMING NOISE: DELAY ESTIMATION

Our main contribution in this section, and in its general-
izations, is the use of the notion ofconsistency. We define
consistency in parameter estimation in the presence of timing
noise as follows.

Definition 1 (Consistency with timing noise only). Let
parameter vectorθ parameterize the signalxθ(t), and let
{yn}

N−1
n=0 be samples taken at times{nT +zn}

N−1
n=0 . Estimates

of the unknown parameter vectorθ and timing noise vector
{zn}

N−1
n=0 are said to beconsistent with the observationswhen

yn = xθ(nT + zn) for n = 0, 1, . . . , N − 1.

Throughout this paper, when some of the variables are given
we also useC to denote the values of the free variables that
are consistent with the given ones. For example,(z, θ) ∈ C
means values of(z, θ) that are consistent with a giveny.1 It
will be made clear by the context of the statement.

In this section we introduce a model in which every clock
tick that drives the sampling signal of the ADC is subjected
to jitter. The signal model is given by:

yn = g(nT + zn − τ), n = 0, 1, . . . , N − 1.

In the above, the sequencezn is white Gaussian. See [10,
Sec. 3.5.4] for an overview of the frequency domain charac-
terization of oscillator noise. Following Definition 1 for delay
estimation, the signal is given byx(t) = g(t − τ), basically
a delayed version of a known pulse shapeg(·) at delayτ .
Given the observations{yn}, n = 0, . . . , N − 1, we wish to
estimateτ . The only noise in the system is the jitter timing
noise. An estimate of delay and timing noise of the signal
{τ ; z0, . . . , zN−1} is consistent with observations{yn} for
a given pulse shapeg(t) when yn = g(nT + zn − τ) for
n = 0, 1, . . . , N − 1.

Instead of modeling the effect of sampling clock jitter
as an AWGN term, we propose to find the estimateτ̂ that
minimizes the jitter noise and gives aconsistentsolution
following Definition 1. Note that for any given estimate of the
delayτ there may be more than one sequence of jitter estimate
that produce a consistent reconstruction. We represent allthe
consistent sequences via the ambiguity set.

1Bold letters are vectors of samples of the same name,e.g., z =
(z0, z1, . . . , zN−1).

Definition 2. Consider the problem of estimating the delay
of a signal consisting of a known pulse shapeg(t). Given a
sequence of samplesyn we define the ambiguity set for each
n as follows:

Ag[n] = {x |g(x) = yn }. (3)

The use of this set is to allow treatment of pulse shapes
g(·) which are not invertible maps. When the reconstruction
algorithm makes a mistake in choosing the correct member
of the ambiguity set, we refer to this error as theambiguity
error.

Consider the maximum-likelihood (ML) estimate ofτ :

τ̂ML = argmax
τ

lnPr(y; τ). (4)

The ML estimation problem given in (4) is difficult to eval-
uate for general pulse shapes. We follow the Expectation-
Maximization (EM) approach [11], and simplify the computa-
tion using the idea ofconsistencyintroduced above instead.
The EM algorithm has been used to solve missing data
problems, and estimation problems which are difficult to
express or compute explicitly. It can be shown to give the ML
solution under mild conditions. Following EM terminology we
consider the observationsyn to be theincomplete data, and
the unobserved timing noise termzn to be a hidden variable
which together withyn form thecomplete dataset. Therefore
instead of the ML problem of (4) we use the complete data
set and consider maximizingPr(y, z; τ) over τ instead. Of
course, the hidden variableszn are not available. However,
both the timing noise{zn} and τ are in the timing domain.
If we restrict ourselves only to values ofz and τ which are
consistent, then the values ofz are completely determined by
τ unless the signal pulse shape contains constant terms. Hence
given the ML estimate of one we can derive the ML estimate
of the other term. This observation means that the solution
to the above can also be obtained by optimizing overz. We
obtain:

τ̂ = arg max
τ,z

lnPr(y | z; τ)Pr(z; τ) (5)

Note thatPr(y | z; τ) restricts us to the consistent set, or in
other words,2

Pr(y | z; τ) =

{

1, (y, z, τ) ∈ C;
0, (y, z, τ) /∈ C.

Since the jitterzn is assumed to be Gaussian, we wish to find
the consistent estimate that minimizes‖z‖2:

min
τ,z

‖z‖2

2σ2
z

s.t. yn = g(nT + zn − τ), ∀n. (6)

When the pulse shape does not contain any constant sections,
then we only have to perform the above optimization overτ .
Wheng is invertible, letân = g−1(yn). In this case the term
an = nT + zn − τ is completely determined byyn. Given
any estimate ofa, the optimal choice ofτ is always given by

2Pr(a|b; c) means the conditional probability ofa conditioned on a random
variableb and a non-random parameterc.



one that is the mean of the values of{an − nT }. Therefore
we need to only optimize overτ , or overz. The constraints
given above are theconsistency constraints. From here it is
straightforward to obtain̂τ that minimizes‖z‖2:

τ̂ML =
1

N

∑

n

(an − nT ). (7)

However, in general the pulse shapes of interest are not
invertible maps. For example, the Gaussian pulse is not an
invertible map. Therefore we need to resolve the ambiguity in
estimating the noisy sampling instances. For eachn we have
to consider all possible ambiguous values ofan which yield
the sameyn. Then we have to find the minimization of‖z‖2

over all possible ambiguous sets given by the cardinal product
a ∈ ~A =

⊗

n Ag[n].
In summary, a brute-force method for solving the optimiza-

tion problem of 6 is given by:
1) For eachn, computeAg[n] from yn, and obtain ~A =

⊗

n Ag[n].
2) For eacha ∈ ~A, compute

τ̂ (a) =
1

N

∑

n

(an − nT ), zn(a) = an − (nT − τ̂).

3) Choosêτ (a) which minimizes‖z‖2
2.

In most cases, the ambiguity setsAn will consist only of
discrete points, and a simplified solution is possible. In that
case, the solution can be obtained by simply choosing which
member of each ambiguity set gives the best overall solution.
Recall that any admissiblean is of form an = nT + zn − τ .
When zn is small, this is simply a line of slopeT in
the variablen, and its intercept is the delay term−τ . A
simpler algorithm can be used that is an iteration betweenline
regression– fixing the slope to always benT – and nearest-
neighbor association or quantization, that solves the ambiguity
problem. The standard line regression is optimal in the mean-
square sense, and therefore optimal for white Gaussian timing
noisezn. A sample result is given in Fig. 1.

The proposed system is compared to the pulse fitting proce-
dure which seek to minimize theL2 norm by maximizing the
cross-correlation between the estimate and the measurement.
This latter system is a gradient-search algorithm, and we allow
multiple initial conditions and pick the best result. We emulate
the UWB system of the MIT MTL lab, in which a2 ns
Gaussian pulse located near the center of a100 ns frame is
subjected to a Gaussian jitter of standard deviation of75 ps
and 200 ps. There are200 samples taken within the frame.
The results are given in the table below.

σz = 0.2-ns σz = 0.75-ps σz = 0.75-ps
no AWGN no AWGN 10-dB AWGN

consistency 0.0109 0.0031 0.9407
grad-search LS 0.0625 0.0557 0.1064

While the new algorithm consistently outperforms the conven-
tional method, it is not robust to AWGN. A small amount of
AWGN may have an adverse effect on the performance de-
pending on the pulse shape. We will address this by extending
our model of consistency.
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Fig. 1. Sampling at noisy instances, with only white timing noise. In this
set,N = 16, Gaussian pulse with width2, T = 2, τ = 3.4. The X’s are the
ambiguity set members, and the O’s are those that are estimated to be the true
sampling points. The line is the regression, andτ is given by the intersection
of the line with they-axis.

A. Example signal: constant slope

Considerg(t) = a · t. We have thatx(t) = g(t − τ) =
a(t− τ). This pulse shape is invertible, and intuitively we can
see that it simply converts the problem of timing noise into
the well-known problem of additive noise. LetG(a, b2) be the
evaluation of a Gaussian PDF of mean0 and varianceb2 at
a. It can be shown that the distribution is given by:

Pr(yn; τ) = G
(

x(nT ), (aσz)
2
)

, (8)

lnPr(y; τ) = constant−
N−1
∑

n=0

(yn − a(nT − τ))2

2a2σ2
z

. (9)

From here it is then easy to see that the ML estimator and the
Cramér-Rao bound are given by:

τ̂ML = arg min
τ

N−1
∑

n=0

(yn−(anT−aτ))2 =

∑N−1
n=0 (yn − anT )

aN
,

var(τ̂ ) ≥
σ2

z

N
.

Note that in this case the value of the slopea does not affect
the performance of the ML estimator; in the case where there
is AWGN we will see that the slope in fact determines the
performance of the estimator.

IV. PULSE DELAY ESTIMATION IN THE PRESENCE OF DRIFT

TIMING NOISE

In this section we first consider the delay estimation problem
in which the observations are given by

yn = x(nT + ∆n) = g(nT + ∆n − τ).

In this case, the timing noise consists of a pure drift term
determined by∆. Drift occurs when the clock frequency
between two references are not exactly the same. Suppose
that the drift term∆ is relatively small; in most electronic
applications the drift can be guaranteed to be below100 ppm.
However, many crystal oscillators are cut adaptively,i.e., not



cut to dimension but to the desired frequency, and hence their
variance in frequency as they age may become large.

From the set of measurements{yn}, we can again find
the ambiguity setsAn as defined above. The problem now
becomes a clustering and line regression problem. We wish
to find a set of points from the ambiguity set such that a line
regression of these points will yield a line with slope close
to T , because we know that the drift term is small relative to
T . We implement a simple iterative routine which repeats the
following two steps, except that the slope is no longerT but
is instead(1 + ∆)T :

1) From each ambiguity set indexed inn, find the point
closest to the current estimate of the line slope and
offset.

2) From the set of nearest points, update the estimate of
the slope and offset.

In the presence of drift and white Gaussian jitter, the
algorithm above can be used with no modification. After
all, line regression is a least-squares fit, which is optimal
for additive Gaussian noise. We obtain results similar to that
shown in Fig. 1.

V. PARAMETER ESTIMATION IN THE PRESENCE OFTIMING

NOISE AND AWGN: DELAY ESTIMATION

In the previous part we have seen that one problem with
the consistency-based algorithm in the presence of AWGN
is that a small amount of additive noise may lead to a very
different answer to the ambiguity setAn, and hence give a
very poor estimatêτ . Extending our model to include AWGN,
the observations are given by

yn = xθ(nT + zn) + wn, n = 0, 1, . . . , N − 1. (10)

We include the additive noise termwn in our definition of
consistency.

Definition 3 (Consistency with timing noise and AWGN).
Let parameter vectorθ parameterize the signalxθ(t), and let
{yn}

N−1
n=0 be samples taken at times{nT +zn}

N−1
n=0 . Estimates

of the unknown parameter vectorθ, timing noise vector
{zn}

N−1
n=0 and AWGN {wn}

N−1
n=0 are said to beconsistent

with the observationswhen yn = xθ(nT + zn) + wn for
n = 0, 1, . . . , N − 1.

Let C denote the set of consistent estimates.
Directly expressingPr(y; θ) is difficult in general. We

again follow the Expectation-Maximization algorithm (EM)
[11] approach by working with the complete data set:

argmax
θ,z

lnPr(y, z; θ) = argmax
θ,z

lnPr(w|z; θ)Pr(z; θ).

(11)
The computation of (11) can be done either in a nested

manner or iteratively between the two variablesτ andz. For
the problem of delay estimation, we are concerned only with
the delayτ as the unknown parameter. The model is then given
by

yn = g(nT + zn − τ) + wn, n = 0, 1, . . . , N − 1. (12)

Similarly to the case where only timing noise is present,
we can obtain an ML estimate ofτ from {zn} and vice-
versa. An estimate of delay, timing noise and additive noiseof
the signal{τ ; z0, . . . , zN−1; w0, . . . , wN−1} is consistent with
observations{yn} for a given pulse shapeg(t) if and only if
yn = g(nT + zn − τ) + wn for n = 0, 1, . . . , N − 1.

Conditioned onτ the estimates of{wn, zn} can be com-
puted separately for eachn, based on the observationsyn.
Moreover, for eachn a consistentwn is completely determined
by fixing τ andzn. Indeed, using the model we can set:

wn = yn − g(nT + zn − τ), n = 0, 1, . . . , N − 1. (13)

We will take advantage of this in maximizing the joint
probabilityPr(wn, zn|yn; τ) by writing:

Pr(wn, zn|yn; τ) = Pr(wn|zn, yn; τ)Pr(zn|yn; τ), (14)

Pr(wn|zn, yn; τ) = Pr(wn = yn − g(nT + zn − τ)|zn, yn; τ).

Consider computing the estimate of the hidden variables
{wn, zn} and the unknown parameterτ iteratively. In essence
we iterate between:

• Estimating hidden variables:

(ŵk+1, ẑk+1) = arg max
w,z

Pr(w, z|y, τ̂k).

• Estimating unknown parameter:

τ̂k+1 = arg max
θ

Pr(y|ŵk, ẑk; τ).

In the estimation of the hidden variables we can use the
insights of the previous part, namely that the estimation can
be distributed inn, and thatwn is uniquely determined by
τ, zn following (13). We obtain (15).

arg max
(wn,zn)

Pr(wn, zn|yn, τ̂k) (15)

= argmax
(wn,zn)

lnPr(zn|yn; τ)Pr(wn |zn, yn; τ)

= argmax
zn

‖zn‖
2

σ2
z

+
‖yn − g(nT + zn − τ)‖2

σ2
w

.

Estimation of the unknown delay is simpler: givenz the only
uncertainty iny is the AWGN term. Hence,

argmax
τ

Pr(y|ŵk , ẑk; τ) = argmin
τ

‖y − g(nT + z − τ)‖2,

(16)
wheren denotes the vector[0, 1, . . . , N − 1]T andg denotes
the appropriateN -fold product of the pulse shape. The op-
timization in (16) has an intuitive interpretation: given our
knowledge of the timing noise we can construct a template
pulse shape which we can then use for maximizing the cross-
correlation with the sampled signal.

We apply the optimization procedures of (15) and (16)
iteratively. For both steps we will use a steepest-descent
approach. The performance is strictly better than that of using
only correlation, because it also allows for compensation in
the timing domain. It can be shown the the gradients are:

∂

∂τ
(·)n = 2(yn − g(nT + znn − τ))g′(nT + zn − τ).
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Fig. 2. A simple pulse shape with two different slopes.

∂

∂zn

(·)n =
2zn

σ2
z

+
2

σ2
w

(

yn − g(nT + zn − τ)
)

g′(nT + z − τ).

The performance evaluation of this method is promising: in all
cases, the performance of the FRI-based technique is superior
to that of standard correlation-based method as shown below:

N = 8, T = 1, σg = 1

τ̂ σz = 0.1 σz = 0.01 σz = 0.1 σz = 0.01

RMS σw = 0.1 σw = 0.1 σw = 0.01 σw = 0.01

FRI 0.257 0.303 0.282 0.192
Xcorr 0.345 0.394 0.307 0.315

N = 16, T = 0.5, σg = 1

τ̂ σz = 0.1 σz = 0.01 σz = 0.1 σz = 0.01

RMS σw = 0.1 σw = 0.1 σw = 0.01 σw = 0.01

FRI 0.170 0.177 0.211 0.065
Xcorr 0.298 0.339 0.281 0.281

A. Analytical result: constant slope

Recall the basic example in which the pulse shape is given
by g(t) = a · t. Clearly, this function is invertible. It can easily
be derived that

Pr(yn; τ) = G(yn − a(nT − τ), σ2
w + a2σz)

Hence the ML estimate and Cramér-Rao bound are simply
given by:

τ̂ML =
1

N

N−1
∑

n=0

(xn

a
− nT

)

, var(τ̂ ) ≥
σ2

z +
σ2

w

a2

N
. (17)

In contrast to the case where only white timing noise is
present, in this case it is clear that the slopea determines the
relative effect of the white timing noise versus the additive
white noise: the steeper the slope, the better the performance.
In estimating the delay, the slope does not change the perfor-
mance in the case of pure white timing noise since the desired
parameter and the nuisance are both in the timing domain.
However, when AWGN is present the effect of the AWGN
in the observation domain is independent of the slope by
definition, whereas the delay termτ from the timing domain
is amplified bya. This result should be compared with the
non-parametric analytical result of Butzer [7].

B. Optimizing the pulse shape for delay estimation

In order to gain an insight into the best design of pulse
shapes, consider a pulse consisting of two piecewise-linear
regimes, denotedA and B, as shown in Fig. 2. The slopes
at the different regimes area1 and a2 respectively. Without
loss of generality, leta2 ≥ a1. Let nA, nB be the number of
samples that fall within each regime.

The ML estimator can be derived from the log-likelihood
function and is a linear combination of the samples{yn}

N−1
n=0 .

The Cramér-Rao bound is given by

var(τ̂ ) ≥





nA

σ2
z +

σ2
w

a2

1

+
nB

σ2
z +

σ2
w

a2

2





−1

. (18)

The result of (18) can be used to give us a very important
insight into the design of pulse shapes. Suppose we wish to
compare the performance of the pulse given in Fig. 2 and the
triangular pulse of the previous part. For fairness, we willfix
the sameN , T , the signal energy, and the domain ambiguity of
both pulses. Let the signal energy of a pulseg(t) be denoted by
E =

∫

|g(t)|2dt. Then it can be shown that for all values ofN ,
T , E , σz , σw the minimum value of (18) is achieved bys1 = 0,
because it is strictly decreasing ins1 by the assumption that
a2 ≥ a1, and that for any fixeds1 it is strictly decreasing in
a2 and a1. This means that the triangle pulse is optimal in
the sense that it gives the lowest Cramér-Rao bound for the
estimate of pulse delay, which we know can be achieved with
the estimator derived from the log-likelihood function.

Theorem 1. Optimal pulse shape in the presence of white
Gaussian timing and additive noise: For pulse delay
estimation in the presence of white Gaussian timing noise and
white Gaussian additive noise, the triangle pulse is optimal
for a givenN , T , E . The Craḿer-Rao bound is given in (18).

VI. PULSE DELAY ESTIMATION IN THE PRESENCE OF

DRIFT, JITTER AND AWGN

We now consider the problem where there is a drift term
and AWGN. The model is given by:

yn = g(nT + n∆) + wn, n = 0, 1, . . . , N − 1. (19)

We solve the estimation problem by considering bothτ and
∆ as the desirable, unknown parameters.

argmax
(τ,∆)

lnPr(y; τ, ∆). (20)

Following the idea developed previously, we consider the
additive white noise term{wn} as a hidden variable. From (19)
we have that whenτ and∆ are fixed, thenwn is completely
determined bywn −xθ(nT +n∆). Moreover, for fixed∆ the
problem of findingτ is simply the classical delay estimation
in the presence of AWGN using a new template pulse.

Since the only source of noise in this problem is the AWGN
termwn, the problem is simply a minimum mean-square error.
The optimization problem is given by

argmax
∆,τ

P (y; ∆, τ) = arg max
∆,τ∈C

lnP (y; ∆, τ)

≈ arg min
∆,τ

‖w‖2
2 s.t. yn = g(nT + ∆ · n − τ) + wn

= arg min
∆,τ

∑

n

‖yn − g(nT + ∆ · n − τ)‖2.

In other words, using the approximation via consistency above,
the estimator is a line regression in the space of∆ andτ which



minimizes theL2-distance between the reconstruction signal
and the observation.

One method of implementing the optimization is via a
gradient search iterating between updatingτ̂ and updatinĝ∆.
It can be shown that the gradients are:

∂

∂τ
(·)n = 2(yn − g(nT + ∆ · n − τ))g′(nT + ∆ · n − τ).

∂

∂∆
(·)n = 2n(g(nT + ∆ · n − τ) − yn)g′(nT + ∆ · n − τ).

The new proposed method is far superior to the classical
method which considers only cross-correlation with a template
pulse shape without compensating for timing noise. The per-
formance is shown in below. The drift is uniformly distributed
between[−∆r, +∆r]. The new system significantly outper-
forms the conventional method which uses only correlation.
This is simply because the drift induces a warping of the
template signal.

N = 8, T = 1, σg = 1
∆r = 0.1 ∆r = 0.01 ∆r = 0.1 ∆r = 0.01
σw = 0.1 σw = 0.1 σw = 0.01 σw = 0.01

∆ RMS FRI 0.0057 0.0056 0.0046 0.0431
τ RMS FRI 0.0224 0.0218 0.0209 0.0160

τ RMS Xcorr 0.7007 0.5613 0.1956 0.1698

Further extending our model, we now consider pulse delay
estimation in the presence of drift, jitter and AWGN. The
maximum-likelihood optimization is written as:

argmax
τ,∆

Pr(y; τ, ∆).

Following our previous approach, we can attempt instead to
estimate the hidden variables explicitly:

arg max
τ,∆

Pr(y,w, z; τ, ∆)

= arg max
τ,∆

lnPr(y; τ, ∆ | w, z)Pr(w)Pr(z)

= arg min
τ,∆

‖z‖2

σ2
z

+
‖w‖2

σ2
w

, (τ, ∆) ∈ C.

In the above, we have taken advantage of the independence
acrossn and the fact that in the set of consistent estimateswn

is completely determined byτ, ∆, zn. As a first attempt, we
simply use the algorithm used in the previous section - which
takes into account only drift and AWGN - and examine the
performance when there is jitter below. Recall that the update
equation for∆ is in form of a line regression, which usually
works well in the presence of additive white Gaussian noise
in that (timing) domain. Indeed, the performance degradation
is very small when compared to the case where white jitter is
not present, as shown below. We note that since we are able
to estimate the drift term very well in this set of simulations,
the performance of our algorithm is much less dependent on
the distribution of the drift term than the performance of the
classical technique is.

N = 8, T = 1, σg = 1
∆r = 0.1 ∆r = 0.01 ∆r = 0.1 ∆r = 0.01
σz = 0.1 σz = 0.1 σz = 0.1 σz = 0.1
σw = 0.1 σw = 0.1 σw = 0.01 σw = 0.01

∆ RMS FRI 0.0063 0.0057 0.0346 0.0022
τ RMS FRI 0.0241 0.0250 0.0246 0.0147

τ RMS Xcorr 3.9270 4.2117 1.3047 1.1856

VII. C ONCLUSION

In this paper we have proposed a new approach to signal
parameter estimation when the samples are subjected to timing
noise. We extended this to include AWGN. Throughout we
have focused on the problem of delay estimation when the
pulse shape is known exactly. Taking advantage of the special
structure in the problem, we developed algorithms which are
shown to be superior to the previous method which ignores
timing noise and considers it instead as an additional AWGN
term. The approach proposed in this paper can be extended to
other signal parameter estimation problems, and can include
prior information of the parameters of the signal which we
wish to estimate.

Interestingly, the effect of the pulse shape on the perfor-
mance of parameter estimation in the presence of timing noise,
and in the presence of both timing and additive noise, depend
on the nature of the parameter of interest. We have seen
in Theorem 1 that in the case of delay estimation, a pulse
consisting of one linear piece than a pulse of many linear
pieces of different slopes.

Finally, note that our algorithm not only gives an estimate
of the delayτ̂ , but also gives an estimate of the jitterẑn, and
hence of the sampling instancesŝn. This estimate can be used
for other purposes, for example for improving future estimates
in the case that the variables of interest are correlated.
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